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Electrical tunability of spin polarization has been a focus in spintronics. Here, we report that
the trigonal warping (TW) effect, together with spin-orbit coupling (SOC), can lead to two distinct
magnetoelectric effects in low-dimensional systems. Taking graphene with Rashba SOC as example,
we study the electronic properties and spin-resolved scattering of system. It is found that the
TW effect gives rise to a terraced spin texture in low-energy bands and can render significant spin
polarization in the scattering, both resulting in an efficient electric control of spin polarization. Our
work unveils not only SOC but also the TW effect is important for low-dimensional spintronics.
I. INTRODUCTION
Symmetry, the fundamental physics law in solids,
means invariance and guarantees certain degeneracy of
band structures [1]. For materials with both time rever-
sal symmetry and inversion symmetry, each band is at
least double degeneracy and spin neutral. While for spin-
tronics [2–4], a central issue is to break spin neutral and
to produce an efficient control of spin polarization [4, 5].
Usually, spin polarization acquires breaking time reversal
symmetry [6–10], such as applying zeeman field. The ex-
ploration of SOC effect makes breaking spatial symmetry
rather than time reversal symmetry to achieve spin po-
larization possible and such effect tremendously extends
the scope of spintronics’ application [11–15].
The absence of inversion symmetry in two-dimensional
material tends to distort the Fermi surface of system,
making the appearance of warping effect in low-energy
bands, such as TW in transition-metal dichalcogenides
(TMDs) [16] and graphene (silicene) with Rashba SOC
effect [17, 18], and hexagonal warping in the surface state
of topological insulator [19, 20]. In most previous studies
[21–25], the TW effect is considered as a perturbation
and as being irrelevant to the main features of system.
Recently, T. Habe et. al. predicted that the spatial sep-
aration of up-spin and down-spin can be easily realized
using a atomic step in TMDs [26]. Surprisedly, it is found
the TW effect is the essential element for generating this
spin splitter, indicating that the effect of TW in spin-
tronics has been strongly underestimated in the past. In
Ref. [26], only the geometric properties of TW effect are
used. While the direct interaction between TW effect and
SOC with real spin is absent, as spin is a good quantum
number there [26], guaranteed by the mirror symmetry
of system [27]. Thus, when TW effect has a direct in-
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fluence on real spin, such as TW effect in graphene with
Rashba SOC, one can expect more intriguing magneto-
electric phenomena may emerge. Particularly, moderate
Rashba effect has been recently reported in many materi-
als [28–36]. Consequently, the investigation of TW effect
in Rashba SOC is not only necessary for a better under-
standing of fundamental physics of Rashba SOC but also
useful for potential application of identified Rashba SOC
materials.
In this work, we study the electronic properties
and spin-resolved transport of graphene with moderate
Rashba SOC. Here, we choose graphene as example be-
cause graphene is a typical two-dimensional material with
simplest Hamiltonian [37]. The main physics obtained
here can be applied to more general cases. Compared to
previous studies without TW effect [24, 25, 38], we find
TW effect induces two overlooked but distinct features,
which both can produce efficient electric control of spin
polarization. (i): For the low-energy bands, the Fermi
surface is trigonally warped and the spin direction of the
electrons residing at the concave segments of Fermi sur-
face are almost same, giving rise to a terraced spin tex-
ture [see Fig. 1(c)]. Such spin texture is distinct from
that in other identified SOC materials. Moreover, due to
the presence of the plateaus in the terraced spin texture,
one can obtain a current with strong spin polarization
by simply applying an electric potential [see Fig. 1(e)].
(ii): When an electron moves through a Rashba barrier
[see Fig. 2(a)], its spin-resolved transmission probability
would be sensitive to the TW effect. Without TW effect,
the transmitted current is always spin neutral, indicating
that Rashba SOC cannot solely generate spin polariza-
tion in the scattering [38]. In sharp contrast, we find
that when TW effect is taken into account, the transmit-
ted current would be spin polarized, as the transmission
probabilities of up spin and down spin are no longer iden-
tical. Remarkably, by tuning electric potential, one can
obtain a nearly perfect spin polarization in the trans-
mitted region. Moreover, the transmitted electrons with
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2different spin are collimated to opposite directions, lead-
ing to an electric field controlled spin splitter (see Fig. 4).
Our work unveils that due to TW effect, Rashba SOC is
sufficient to generate current with strong spin polariza-
tion, showing a wider scope of potential application of
Rashba SOC materials.
II. MODEL
The low-energy electrons of graphene with Rashba
SOC locate in the vicinity of two inequivalent valley
points, labeled as K and K ′. The two valleys are not in-
dependent, but are connected by time reversal symmetry
T . Hence, in the following, we will focus on the physical
properties of low-energy electrons residing at K valley.
The effective Hamiltonian of system expanded around K
valley reads [17, 18]
H = vF τ0(kxσx + kyσy)− 3
2
λ(τxσy + τyσx)
−
√
3
4
aλ [(kxτx + kyτy)σy − (kxτy − kyτx)σx] ,(1)
where τ (σ) is Pauli matrix acting on sublattice (spin)
space, vF =
√
3at/2 is the Fermi velocity with t the hop-
ping parameter and a the lattice constant of graphene,
and λ denotes the strength of Rashba SOC. In the previ-
ous works [24, 25, 38], only the leading term (containing
zero order of kx(y)) of Rashba SOC effect is keeped and
hence the last term in Hamiltonian (1) generally is omit-
ted. Such approximate is suitable when Rashba SOC is
weak. However, when the strength of Rashba SOC be-
comes comparable with hopping energy, e.g. λ/t > 0.1,
the last term in Hamiltonian (1) can not be discarded and
would have important influences on the physical proper-
ties of system, as we will discuss later.
Hamiltonian (1) gives out four bands in momentum
space. With a moderate Rashba SOC (λ = 0.2t), the
two low-energy bands are well separated from the other
two bands in energy space as shown in Fig. 1(a). Thus,
to describe the low-energy behavior of system, a two-
band model is enough, which can give a clear picture
to understand the TW effect. With a standard process,
one can fold Hamiltonian (1) into a two-band model [18],
expressed as
Hw = −
√
3
2
aλ(kxσy + kyσx) + γ
(
0 ik2−
−ik2+ 0
)
, (2)
with γ = v2F /(3λ) and k± = kx ± iky. For the two limits
γ  aλ (λ t) and γ  aλ (λ t), the Fermi surface of
system in both cases are circle while the band dispersion
are linear and quadratic, respectively. When λ is com-
parable with t, the competition between the two terms
of Hw would induce the trigonally warped Fermi surface.
In Fig. 1(b), we present the constant energy contour of
Hamiltonian Hw with λ = 0.2t. One can see the Fermi
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FIG. 1. (Color online) (a) Band dispersion of graphene with
Rashba SOC showing that the two low-energy bands (red
lines) are well separated from the other bands (blue lines).
(b) Constant energy contour for the low-energy bands. The
TW effect is obvious. (c) Spin direction θs as a function of
θk for constant energy EF = 0.02 t. With the TW effect,
the spin texture presents a terraced profile with three sepa-
rated plateaus (red solid line). For comparison, we also plot
the conventional spin texture of Rashba system (blue dashed
line). (d) Spin direction θs in momentum space showing the
plateaus in (c) persist for wide momentum range. The white
dashed line is the constant energy contour for EF = 0.02 t.
(e) Schematic showing a simple way to generate current with
strong spin polarization (only K valley is shown). Here, we
assume λ = 0.2 t. (a) is calculated with four-band Hamilto-
nian H (1), while (b), (c) and (d) are obtained from two-band
Hamiltonian Hw (2).
surface of system strongly deviates from circle and ex-
hibits obvious TW effect. Moreover, due to the presence
of σx(y), the basis of Hw is related to real spin. Thus,
TW term would have direct influence on the spin texture
of system, which may induce intriguing phenomena.
Since Hw does not contain σz, the out-of-plane com-
ponent of spin sz ∝ 〈σz〉 vanishes. Then the spin of
low-energy electron lies in the plane, and its direction
is given as θs = arg(sx + isy) with sx(y) = 〈σx(y)〉. A
straightforward calculation leads to
θs = arg(dx + idy), (3)
with dx(y) the coefficients of σx(y) in Hamiltonian (2).
When Rashba SOC λ dominates the direct hoping energy
3t, one has Hw ∼ kxσy +kyσx and then the spin direction
of electron is normal to its k direction as θs = arg(ky +
ikx), recovering the conventional spin texture of Rashba
SOC systems [39].
III. TERRACED SPIN TEXTURE
Interestingly, when λ is comparable with t and then
the TW effect becomes obvious [see Fig. 1(b)], the spin
texture of system would be very different. In Fig. 1(c),
we plot the spin direction of electron (θs) as a function
of azimuth angle of momentum θk [θk ≡ arg(kx + iky)]
for constant energy. Compared to spin texture of con-
ventional Rashba system [corresponding to the case of
let γ = 0 in Hamiltonian (2)], one observes that the TW
effect brings two distinct features into the spin texture.
First, the winding number of Fermi surface (not very
close to zero energy) is 2 rather than 1. Because when
an electron moves around Fermi surface, the variation
of spin direction (θs) here is 4pi [red solid line in Fig.
1(c)] while that in conventional Rashba system is 2pi [blue
dashed line in Fig. 1(c)].
Second and remarkably, the spin texture here features
a terraced profile with three separated plateaus as shown
in Fig. 1(c). The three plateaus locate at the three
concave segments of Fermi surface, respectively [see Fig.
1(d)]. Thus, for electrons residing at the concave seg-
ments of Fermi surface, they would share similar spin
direction, indicating strong spin polarization. Moreover,
the plateaus and hence the strong spin polarization per-
sist in a large momentum and energy range as shown in
Fig. 1(d). This unique spin texture can not be found
in other SOC materials, e.g. the surface state of topo-
logical insulator, Weyl (Dirac) semimetals and nodal line
semimetal [40–44]. Hence, one can expect it may have
distinct influence on the transport and optical properties
of system [45].
A direct application of the terraced spin texture is
to generate spin-polarized current. Consider a two-
dimensional junction as shown in Fig. 1(e). The left
(x < 0) region is pristine graphene and the right (x > 0)
region is the graphene with Rashba SOC. The Fermi sur-
face of both sides of junction can be separately controlled
by the bias voltage and electric potential energy. Hence,
with a fine control, the transmitted electrons in x > 0
region can be all from one concave segment of Fermi sur-
face [see Fig. 1(e)], generating a current with strong
spin polarization. Note that in above discussions, only
K valley is taken into account. In fact scattering pro-
cess simultaneously happens at the K ′ valley. However,
the transmitted electrons of K ′ valley would not reside
at a concave segment of Fermi surface and hence would
weaken the spin polarization of the transmitted current.
Fortunately, valley filter has been experimentally realized
in graphene [46, 47]. Thus by applying a valley filter, one
still can obtain a current with strong spin polarization.
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FIG. 2. (Color online) (a) Schematic figure of a junction
with Rashba barrier. (b)-(c) Angular plots for transmission
probability Ts,s′ as a function of incident angle θi for (b) K
and (c) K′ valley. Here, we assume EF = 0.12 t, V0 = 0.1 t
and d = 50 a.
IV. SPIN SPLITTER
Next, we explore the TW effect of Rashba SOC on
the transport properties of system. Consider a graphene
junction as shown in Fig. 2(a), for x < 0 (x > d) the
pristine graphene region and for 0 < x < d the region of
graphene with Rashba SOC. To calculate the scattering,
we have to resort to the four-band Hamiltonian H (1), as
the description of low-energy physics of pristine graphene
requires a four-band model (including spin). Then, the
physics of scattering can be captured by the following
model
H(x) = H0[Θ(−x) + Θ(x− d)]
+ (H + V0)[Θ(x)−Θ(x− d)], (4)
where H0 ≡ H(λ = 0) is the Hamiltonian of pristine
graphene, Θ the Heaviside step function and kx in H(0)
is replaced by −i∂x, due to the absence of translation
invariance along x-direction. Here, we also introduce the
electric potential energy (V0) in Rashba region.
In the scattering, the transverse momentum (ky) and
energy (EF ) are conserved while spin can be flipped when
electrons pass through Rashba region. Hence, an incident
electron (from x < 0 region) with certain spin may be
reflected or transmitted (into x > d region) as electron
with opposite spin. In addition, since the dispersion of
Hamiltonian H (1) contains quartic terms of kx, there
exist four possible electron states for given ky and EF .
Then, the typical scattering state of the junction model
4reads
Ψ(x) =

ψ+s +
∑
s′ rs′sψ
−
s′ , x < 0,∑
i ciψ
R
i , 0 < x < d∑
s′ ts′sψ
+
s′ , x > d,
, (5)
where s(s′) =↑, ↓ denotes spin, rss′ (tss′) is the reflection
(transmission) amplitude and ci is the scattering ampli-
tude in Rashba region with i = 1, 2, 3, 4 corresponding to
the four scattering states. The incident (reflected) wave
function is given as ψ±↑ = (0, ϕ±)
T e±ik
+
x x+ikyy for s =↑
(s′ =↑) and ψ±↓ = (ϕ±,0)e±ik
+
x x+ikyy for s =↓ (s′ =↓).
Here, 0 = (0, 0) is a two-component vector and ϕ± =
1
N (±
√
k+2x + k2y,±k+x + iky) with k+x = v−1F
√
E − v2F k2y
and N the normalization coefficient. The corresponding
scattering basis states in Rashba region and in transmit-
ted region can be obtained by the conservation of energy
and transverse momentum.
The scattering amplitudes can be solved by matching
the boundary conditions at two interfaces x = 0 and
x = d (see Appendix A):
Ψ(0−) = (1 + U)Ψ(0+), Ψ(d−) = (1− U)Ψ(d+), (6)
with
U = −i
√
3λa
8vF
(iτy ⊗ σ0 + τx ⊗ σz). (7)
Though analytical expressions for the scattering ampli-
tudes are difficult to obtain, we can solve them numeri-
cally. When the scattering amplitudes are obtained, one
immediately knows the reflection (Rs′s) and transmission
(Ts′s) probability, as Rs′s = |rs′s|2 and Ts′s = |ts′s|2.
Due to the presence of mirror symmetry with respect to
y-direction (My), one has
MyH(ky)M−1y = H(−ky), (8)
with My = τyσx and hence
Ts,s′(ky) = T−s,−s′(−ky), (9)
as My not only changes ky to −ky but also flips up
(down) spin to down (up) spin. Meanwhile, there does
not exist additional symmetry to guarantee Ts,s′(ky) =
Ts,−s′(ky) or Ts,s′(ky) = T−s,−s′(ky). Thus the transmit-
ted current can be spin polarized as shown in Fig. 2(b).
By comparison, in the previous studies of Rashba SOC
without TW [38], equation Ts,s′(ky) = T−s,−s′(ky) does
have been observed due to an artificial emergent sym-
metry, making transmitted electrons spin degenerate, in
such case, one needs to introduce additional SOC effect
(e.g. intrinsic SOC) to establish spin polarization [38]. In
contrast, we demonstrate here that when the TW effect is
included only Rashba SOC is enough to achieve spin po-
larization, which extremely facilitates the experimental
realization of spin polarization.
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FIG. 3. (Color online) Total spin polarization P as a function
of (a) incident angle θi and the height of potential barrier V0,
and of (b) θi and Fermi energy EF . Here, we set EF = 0.12 t
and d = 50 a in (a), and V0 = EF /1.2 and d = 50 a in (b).
The above discussion of symmetry are valid for both
valleys. In Fig. 2(b)-(c), we plot the transmission prob-
abilities for both K and K ′ valley, showing spin polar-
ization of transmitted current can be found in both val-
leys. Moreover, we find that in the scattering, the spin
flipping process can dominate the spin preserved process
(Ts,−s  Ts,s) and is asymmetric between incident angle
θi [e.g. T↑,↓(θi) 6= T↑,↓(−θi)]. Particularly, T↑,↓ would
peak around a certain angle θνc [see Fig. 2(b) and 2(c)],
in the mean time, T↓,↑ will peak around −θνc angle as re-
quired by the mirror symmetry [Eq. (9)]. Here ν = K,K ′
denotes the valley. And, the center angles (θνc ) of T↑,↓ for
the two valleys can be very close (see Fig. 2). Then the
transmitted electron with angle around θνc would exhibit
strong spin polarization. Generally, one can introduce
[38]
P (θi) =
∑
ν=K,K′
T ν↑,↓ + T
ν
↑,↑ − T ν↓,↓ − T ν↓,↑
T ν↑,↓ + T
ν
↑,↑ + T
ν
↓,↓ + T
ν
↓,↑
, (10)
to quantify the total spin polarization of transmitted elec-
trons. According to the mirror symmetry My, P should
be antisymmetry with respect to incident angle
P (θi) = −P (−θi). (11)
Moreover, due to the emergent particle-hole symmetry in
Hamiltonian H (1), one also has
P (θi, EF + V0) = P (−θi,−EF − V0). (12)
In Fig. 3, we present the evolution of P varying with
potential energy and Fermi energy, which shows the spin
polarization of transmitted current is strong and features
aforementioned symmetries. Remarkably, nearly perfect
spin polarization (e.g. |P | > 0.9) can happen in a wide
EF and V0 energy scale.
Due to the antisymmetry of P [Eq. (11)], a usual two
terminals device is not valid to probe to the polarization
effect as an average over incident angle θi is involved. Al-
ternatively, one can use a Y-type structure (see Fig. 4)
for splitting transmitted current. In the Y-type junction,
the currents moving through drain A and B can present
5E   >0F E   <0FA
B
(a) (b)
A
B
Rashba Rashba
FIG. 4. (Color online) Schematic figure showing the Y-type
structure for achieving spin splitter. (a) For electron doping
(EF > 0 and V0 = EF /1.2), the down-spin (up-spin) of the
current passing through drain A (B) can dominate up-spin
(down-spin). (b) For hole doping (EF < 0 and V0 = EF /1.2),
the spin polarization of transmitted current is switched.
strong and opposite spin polarization as guaranteed by
Eq. (11), making the realization of spin splitter. Also,
by changing the sign of EF and V0 simultaneously, one
can switch the sign of P [Eq. (12)] and hence switch the
spin polarization of current in drain A and B (see Fig.
4). In addition, with more delicate setups, e.g. by ap-
plying collimators similar to those in electron optics, one
could control the incident angle. Then by tuning elec-
trical potential energy or Fermi energy, a nearly perfect
spin polarization current could be observed.
V. CONCLUSION
In conclusion, we have predicted two intriguing fea-
tures induced by the TW effect in Rashba SOC. The
terraced spin texture at Fermi surface predicted here is
unique and can not be found in other SOC materials.
Particularly, the spin texture here is related to real spin.
Thus, it may be detected by the spin- and angle-resolved
photoemission (spinARPES). In addition, the terraced
spin texture can be used to generate current with strong
spin polarization. We also study the scattering of system
with a Rashba barrier and observe strong spin polariza-
tion in the transmitted current. The spin polarization
is solely induced by Rashba SOC and can be controlled
by electric method (tuning V0 and EF ). And, with a Y-
structure junction (see Fig. 4), one can establish a spin
splitter. Our work indicates that the warping effect of
Fermi surface, together with SOC, can give rise to many
interesting phenomena which may be helpful to the spin-
tronics.
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Appendix A: Boundary Condition
Due to the presence of λkx(y) in Hamiltonian H (1),
the boundary conditions for the graphene junction with
Rashba barrier generally can not be expressed as the con-
tinuum of wavefunction at interfaces x = 0 and x = d.
Here, we establish the boundary conditions of the junc-
tion model (4) in detail.
The junction model (4) in main text with basis (|A ↓
〉, |B ↓〉, |A ↑〉, |B ↑〉)T can be written as
H(x) =
 0 vF k− 0 h0vF k+ 0 h1 00 h∗1 0 vF k−
h∗0 0 vF k+ 0
 , (A1)
where k± = kx ± iky, λ(x) = λΘ(x) and
h0 = 3iλ (x) , (A2)
h1 = −i
√
3
2
aλ (x) k−. (A3)
The eigenfunction of system is H(x)Ψ (x) = EΨ (x)
with E the eigenvalue and Ψ (x) = (ψ1, ψ2, ψ3, ψ4 )
T
the eigenfunction. Because the eigenfunction Ψ (x) and
eigenvalue E are finite, one has∫ 0+
0−
H(x)Ψ(x)dx =
∫ 0+
0−
EΨ(x)dx = 0, (A4)∫ d+0+
d+0−
H(x)Ψ(x)dx =
∫ d+0+
d+0−
EΨ(x)dx = 0. (A5)
The boundary conditions can be established from above
equations. A straightforward calculation gives that
ψ2(3)(x) is continuum at interfaces (x = 0 and x = d)
while
ψ1(0
+)− ψ1(0−) = iξψ3(0), (A6)
ψ4(0
+)− ψ4(0−) = −iξψ2(0), (A7)
ψ1(d+ 0
+)− ψ1(d+ 0−) = −iξψ3(d), (A8)
ψ4(d+ 0
+)− ψ4(d+ 0−) = iξψ2(d), (A9)
with ξ =
√
3λa
4vF
. The above equations are the boundary
conditions of system and the compact forms have been
given in Eq (6) of main text. One can check that with
such boundary conditions, current conservation is satis-
fied.
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